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In this paper we show in a covariant and gauge invariant way that in general relativity, tidal
forces are actually a hidden form of gravitational waves. This must be so because gravitational
effects cannot occur faster than the speed of light. Any two body gravitating system, where the
bodies are orbiting around each other, may generate negligible gravitational waves, but it is via these
waves that non-negligible tidal forces (causing shape distortions) act on these bodies. Although the
tidal forces are caused by the electric part of the Weyl tensor, we transparently show that some
small time varying magnetic part of the Weyl tensor with non zero curl must be present in the
system that mediates the tidal forces via gravitational wave type effects. The outcome is a new test
of whether gravitational effects propagate at the speed of light.
PACS numbers: 04.20.Cv , 04.20.Dw
I. INTRODUCTION: TIDAL FORCES IN NEWTONIAN GRAVITY
Let us begin by posing the following question:
How long does it take tidal forces due to the gravitational field of the Moon to reach the Earth? That is,
is there any finite angular lag between the lunar tides in the ocean and the apparent position of the moon
in the sky?
In Newtonian theory, a tidal force is instantaneously transmitted from the Moon to the Earth due to Newton’s Law
of Gravitation, but the apparent position of the Moon in the sky lags due to the time it takes light to reach the Earth
from the Moon. Hence in that case, there should be an angular lag of 0.66 seconds of arc in the sky between the
position of the Moon and the tidal quadrupole on Earth. But a more accurate theory of gravity is General Relativity;
Newtonian theory is just a first approximation to that better theory. So the question is, will there be such an angular
lag when this is taken into account? The tidal force is mediated by the Weyl tensor, which obeys a wave equation
with speed of propagation the speed of light. We will show that just like gravitational radiation, tidal forces also
propagate at the speed of light, both being special cases of gravitational waves. This allows a new test of whether the
gravitational force in fact propagates at the speed of light or not: there should be no such apparent lag.
Tidal forces: We know that the tidal force is a force that stretches a body towards and away from the centre of
mass of another body due to a gradient in the gravitational field of the other body. It is responsible for tides, tidal
locking, tidal disruption of bodies, and the formation of ring systems around celestial bodies. Energy transfer between
bodies via tidal forces is called gravitational induction.
In Newtonian gravity, this phenomenon is governed by the 3-dimensional trace free symmetric tensor defined as
follows [1]
Eab = ∂a∂bΦ− 1
3
hab∂
c∂cΦ (1)
where Φ is the gravitational potential, hab is the metric on 3 dimensional space and the indices a, b, c runs from 1 · · · 3.
This tensor is the Newtonian analogue of the Electric part of the 4 dimensional Weyl tensor in General Relativity.
There is however no Newtonian analogue of the magnetic part of the Weyl tensor [1], which explains the absence of
gravitational waves in Newtonian gravity.
However the true theory of gravity is relativistic. If this is General Relativity, then no influence can travel faster
than the speed of light : the tidal influence cannot be instantaneous in any rest frame. Therefore this influence
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2can either travel along null or timelike curves. To travel along a timelike curve, this influence must be mediated
by massive fields. However, in vacuum spacetime no such field is present and in General Relativity, there is no
intrinsically defined preferred speed at which such effects would propagate: the only such speed in general relativity is
the speed of light [2]. There must be some way in which one can regard tidal forces propagating between astronomical
objects in orbital motion, such as the Earth and Moon, or binary pulsars, or even binary black holes, as propagating
between them at the speed of light, precisely because it is the physical speed available. That is, even though we do
not usually represent things in this way, in a sense tidal forces are a form of gravitational wave, because otherwise
they would not travel at the speed of light. The purpose of this paper is to make clear how this happens.
There are several well known examples of energy transfer via gravitational induction in Newtonian gravity:
1. The Earth Moon system [3]: The Earth is continuously loosing it’s rotational energy through the process
of tidal braking caused by the Moon’s gravitational field. As a consequence, the length of the day is getting
gradually longer by about 2.3 milliseconds per century at the present time. This process of Lunar recession
results in a net forward acceleration of the Moon along it’s orbit and moves the Moon into a slightly larger orbit.
There is a steady increase in the average Earth-Moon distance by about 3.8 cm per year.
2. Tweedledum and Tweedledee thought experiment: This thought experiment (Bondi [4], McCrea [5])
involves two intelligent physically identical spherically shaped creatures (Tweedledum and Tweedledee ) who
are made up of pliable material that allows them to change their shape. They are instructed to move around each
other under their mutual gravitational force along highly eccentric orbits in such a way that when Tweedledum
changes shape and Tweedledee responds, their centre of gravity remains fixed in space. Through a series of shape
changing operations as dictated by the rules of the game one sees that after each complete rotation, Tweedledum
is gaining internal energy as the external tidal force is doing work on him, while Tweedledee is losing internal
energy as she is doing work against the external force. This is an excellent example of how the internal energy
of a system can be transferred to another system via gravitational induction, in Newtonian gravity.
However, in these situations, Newtonian theory assumes the effect of gravitational induction from one body to
another is instantaneous, and hence this violates the principles of special and consequently general relativity. In
the subsequent sections, we will recast a two body system in a perturbative formalism within general relativity to
transparently examine the mechanism that mediates tidal forces and energy transfer from one body to another.
II. GENERAL RELATIVITY, TIDAL FORCES, GRAVITATIONAL RADIATION AND WAVES
We are concerned with tidal forces associated with gravitationally governed orbital motion of two massive bodies,
where we know gravitational radiation occurs when seen from outside. At this point we would like to distinguish
between the terms Gravitational waves and Gravitational radiation as we will use them.
Gravitational waves: We define the gravitational field as having a wave nature if covariantly defined gravitational
variables, such as the electric and magnetic parts of the Weyl tensor or the Regge-Wheeler tensor, obey a closed form
wave equation with the speed of light as the propagation velocity. We apply this definition whether in the context
of the near field or the far field. This is not the same as saying any spacetime with non-zero electric Weyl tensor
(which is responsible for tidal deformations) implies the presence of a gravitational wave; that is a necessary but not
sufficient condition.
This definition of a generic gravitational waves is a local concept, defined on any open set U , where the Weyl tensor
components or Regge Wheeler tensor solves a closed form wave equation with propagation velocity being equal to the
velocity of light in U . What we transparently show below is that, even if they are first order quantities, the curl of
both electric and magnetic Weyl must be non-zero when gravitational waves occur.
Gravitational radiation: Gravitational waves can transfer energy to infinity; this transfer of energy to large
distances is gravitational radiation, as occurs for example in the case of the Hulse-Taylor binary pulsar [6]. Thus
for us, obeying a wave equation is the essence of being a wave; in the far zone (the wave zone) this is gravitational
radiation. As described in the seminal paper by Newman and Penrose [7] describing gravitational radiation using spin
coefficients, for a general asymptotically flat radiative vacuum spacetime, the asymptotic behaviour of the complex
Weyl scalar Ψ4 is ∼ 1/r. This Weyl scalar describes the gravitational radiation component of the Weyl tensor, and is
dominant in the far away radiation zone, where the Riemann tensor is essentially null and all the other Weyl scalars
peel off (or become negligible). The standard definition of gravitational radiation (since the pioneering work of Pirani
[8] [9]) is such a propagating curvature tensor, considered in the radiation zone well away from its source.
Thus in our view gravitational radiation is a special case of a gravitational wave, as radiative solutions are indeed
solution of the gravitational wave equations, but for nearly flat background in the vicinity of future null infinity of a
future asymptotically simple spacetimes [7].
3Tidal forces: These occur in the near zone in a binary gravitating system, accounting for a time varying tidal
deformation in both bodies. But this does not happen instantaneously. Rather the gravitational field causing such
continuously time varying tidal deformations obeys a closed form wave equation, and so this is also a case of gravi-
tational waves, as defined above. Furthermore, this necessarily implies the presence of non-zero curls of the electric
and magnetic Weyl tensor components, however small they may be. For example, in the Earth-Moon system, due to
very slow rotation, the presence of a magnetic Weyl tensor component is negligible in comparison to the electric Weyl
tensor component, but it is crucial for the existence of tidal forces that it is non-zero.
Other works: In the past, there have been numerous works that used retarded relativistic interactions between two
bodies to study the near field effects of gravitational interactions, for example [10] [11] [12] [13]. In these works, it was
shown that the near zone solutions have a different character than the wave zone solutions. As described excellently in
[14], for many years, the Post Newtonian approximation to the first order (1PN) was quite an accurate description of
many gravitating body problems, such as the solar system, and various binary stars. However, to take care of strongly
gravitating binary systems (like binary black holes and pulsars) one needed to go beyond the (1PN) approximations
(such as (2.5PN) [15]) to include terms O(v5/c5) in the equations of motion. To explain the gravitational wave signals
emitted binary neutron star and binary black hole systems, one needed to go even beyond (up to (4PN)) [16, 17].
In all these studies, the near zone and far zone analysis are quite different. For example, in the approach of Schaefer
[15], we can explicitly see that the tidal tensor (Electric Weyl tensor) decomposes into a Newtonian-like component
and a wave like component. In the near zone the first one dominates while the second one dominates in the radiation
zone.
Our view is summarised in Figure 1.
FIG. 1: Tidal Forces and Gravitational Radiation are both forms of Gravitational waves
The key points where our work differs from and extends the previous works are as follows:
1. We present a covariant and gauge invariant closed wave equation that is applicable both in the near and radiation
zones. We do not model the fluid bodies themselves: our equations are for vacuum solutions.
2. The solutions to these equations indeed have very different characteristics in near and far zones. In the near
zone, while the electric Weyl is a zeroth order quantity, in the far zone it is a first order perturbation quantity.
But in both cases, the speed of the gravitational interaction is c.
3. The most crucial part that emerges from our analysis is: whenever there is a time varying tidal interaction,
curls of both electric and magnetic Weyl must be simultaneously non-zero, which is necessary for obtaining a
closed wave equation. This is interesting because both the tidal interaction and electric Weyl have a Newtonian
counterpart but magnetic Weyl does not. Thus for the propagation of a Newtonian observable, we necessarily
need a non-Newtonian variable.
4. As the near zone tidal effects are a solution to a wave equation with the velocity of propagation equal to that of
light, one can easily see that the information of tidal deformations must travel with the velocity of light between
the two bodies.
45. We are able to derive this result using only a first order perturbative scheme, in contrast to the much more
complex perturbative schemes that have been used to derive much more comprehensive results.
6. This leads to a potential test as to whether the speed of tidal interaction is the speed of light. This amounts to
a test as to whether general relativity is the correct theory of gravitation.
We acknowledge that some of this may be implicit in the above mentioned literature. We believe it is useful to have
it made explicit in this simple direct way.
III. THE WEYL TENSOR AS THE FREE GRAVITATIONAL FIELD
It is common to think of the metric tensor gab(x
j) as the gravitational field in general relativity, with the Einstein
Field Equations
Gab := Rab − 1
2
Rgab = κTab + Λgab (2)
being second order partial differential equations for gab where Rab is the Ricci tensor determined by gab, R the Ricci
scalar, Tab the matter stress-energy tensor, and Λ the cosmological constant. In the case of the local propagation of
gravitational waves through a vacuum, the cosmological constant is irrelevant and Tab = 0 so (2) reduces to
Rab − 1
2
Rgab = 0⇔ Rab = 0, (3)
which in the weak field limit is well known to have wave solutions [18].
However an alternative viewpoint [1] [19] is to view the Weyl tensor
Cabcd := Rabcd +
(
ga[dRc]b + gb[cRd]a
)
+ 13Rga[cgd]b , (4)
as the free gravitational field, and the metric tensor as its (2nd order) potential field. This tensor has the same
symmetries as the Riemann tensor but in addition is traceless:
Cabad = 0; (5)
in the case of a vacuum, it is identical to the Riemann tensor:
{Rab = 0} ⇔ {Cabcd = Rabcd} (6)
Now the useful thing is this: given a timelike vector field ua(xj) : uau
a = −1 representing a family of fundamental
observers, in exact parallel to the way one can split the electromagnetic field Fab into electric and magnetic parts Ea,
Hb in the rest frame of u
a (Eau
a = 0, Hau
a = 0) one can similarly split Cabcd into electric and magnetic parts Eab,
Hab (A15,A16); but this time they are symmetric traceless tensors orthogonal to u
a (see appendix (A for details):
Eab = E(ab), E
a
a = 0, Eabu
a = 0, (7)
Hab = H(ab), H
a
a = 0, Habu
a = 0 (8)
It is the electric part Eab of the Weyl tensor that is responsible for tidal forces, because it enters the geodesic
deviation equation and so causes relative displacement of freely falling particles, and more generally it causes relative
displacement of particles in elastic media, which is how tidal forces are generated and gravitational waves are detected
[8]. (for effect of Newtonian gravity on elastic media see [20]).
Now just as the Maxwell Equations
F[ab;c] = 0, F
ab
;b = 0 (9)
give the usual E˙, curlE, H˙, curlH equations in the source free case (where (˙) denotes the directional derivative along
the timelike congruence), in the vacuum case (3), the Bianchi identities
Rab[cd;e] = 0⇔ Rabcd;a = 0 (10)
5(the equivalence holding only in 4 dimensions) lead to the temporal and spatial derivatives of electric and magnetic
part of Weyl tensor as follows, in the vacuum case (3):
E˙<ab> − cd<aDcHb>d = −ΘEab + 3σ<ac Eb>c
+cd<a
(
2AcH
b>
d + ωcE
b>
d
)
, (11)
H˙<ab> + cd<aDcE
b>
d = −ΘHab + 3σ<ac Hb>c
−cd<a (2AcEb>d − ωcHb>d ) , (12)
DbE
ab − 3ωbHab − abcσbdHdc = 0 , (13)
DbH
ab + 3ωbE
ab + abcσbdE
d
c = 0 . (14)
Here D is the projected covariant derivative operator on 3-space orthogonal to the timelike congruence and angle
brackets denote the projected trace free part.
The key point is the following: gravitational waves arise by taking the dot derivative of the dot-E equation,
commuting the dot and curl operators on H, and substituting from the H-dot equation to obtain a wave equation
for Eab, where the wave speed is the speed of light c [21]. In empty space with a non-expanding congruence u
a, this
reduces to the usual form of the linearized theory [21]:
Eab = 0. (15)
Similarly we get a wave equation for H, precisely as in the EM case. The key result is
Gravitational wave criterion We only get a wave equation for Eabif
curlH 6= 0⇒ Hab 6= 0. (16)
Hence in the kind of tidal system represented by the Earth-Moon system, even though we normally think of it in
Newtonian like terms with tidal forces represented by the divE equations, and Hab either zero or certainly negligible,
Hab cannot be neglected when there are tidal forces. However unlike the usual gravitational wave case where Eab and
Hab are oscillating out of phase at high frequency and with equal amplitudes, in this case Eab and Hab are oscillating
out of phase at low frequency and Eab has a much greater amplitude than Hab, which has a non-zero curl. This is
what enables the tidal force field to propagate from one body to another at the speed of light.
There is one further thing to note. At any instant in the comoving reference frame, the divE equation is a
Laplacian equation representing an instantaneous influence whereby Eab can be regarded as traveling instantaneously
from the Earth to the Moon. However this is not in fact instantaneous propagation, as this equation is a constraint
that was required to be satisfied in order to set up consistent initial data way back in the past (when the relevant
structures were formed). It remains true today because conservation of the constraint equations is a consistency
condition for the whole set of propagation equations to be true. That is, they remain true at a later time because they
were true at an earlier time and were propagated forward in time via the time development equations. Their specific
form at any epoch is because wave propagation took place and kept them true at later times, having initially been true.
The visualisation of the interaction of E and H during the emission of gravitational radiation, due to the wavelike
nature of their interaction, is beautifully illustrated by Thorne and co-workers [22], [23]. However they do not relate
this to tidal forces as we do here. The fully covariant 1 + 3 electromagnetic analogy for gravity is also developed in
[24]. We remark that given that H may become large during late stages of inspiral of neutron stars, it is possible that
tidal forces due to E will be augmented by gravitoelectromagnetic effects relating H to rotation of fluid masses (see
for example [25]). We will not pursue that issue here.
IV. TWO BODY SYSTEM IN GENERAL RELATIVITY: A PERTURBATIVE APPROACH
Unlike Newtonian gravity, the Einstein equations do not have a general solution for a two body system. Therefore
we resort to a perturbative approach, where the presence of the second body is taken as a perturbation over the
spacetime geometry generated by the first one. We perform our entire analysis using a semitetrad covariant 1 + 1 + 2
formalism, generated by a timelike and a preferred spacelike congruence (please see appendix A and B for a complete
description of the formalism and important geometrical definitions and identities). This covariant formalism helps in
recasting the perturbed field equations in a gauge invariant way that brings out the gauge invariant results.
6A. The background spacetime
For simplicity and transparency in our calculations, we assume that the central body is spherically symmetric.
Then the vacuum spacetime around this central body must be Schwarzschild, by Birkhoff’s theorem [26, 27]. In that
case the geometry is necessarily static, and the directional derivatives of all geometrical variables along the timelike
congruence must vanish. Thus the only non-zero geometrical variables (B24) in the background spacetime are [28]:
D0 = {φ,A, E}, (17)
that satisfies the following propagation equations and constraints
φˆ = −1
2
φ2 − E , (18)
Eˆ = −3
2
φE , (19)
Aˆ = − (A+ φ)A , (20)
E = −Aφ . (21)
Furthermore, we can write the Gaussian curvature of the 2-sheets perpendicular to timelike and preferred spacelike
congruences (see appendix B for details) as
K = −E + 1
4
φ2 . (22)
From the above equations it is clear that the electric part of the Weyl scalar is proportional to a (3/2)th power of the
Gaussian curvature and the proportionality constant (that is the Schwarzschild mass m) sets up a covariant scale in
the problem. We can also define the areal radius of the two sheets r, such that the Gaussian curvature is (1/r2). In
that case we must have
r =
(
−E + 1
4
φ2
)− 12
. (23)
The propagation equations can now be integrated in terms of this variable and we get [28]
φ =
2
r
√
1− 2m
r
, A = m
r2
[
1− 2m
r
]− 12
(24)
E = −2m
r3
, K =
1
r2
(25)
B. The perturbed spacetime
Let us now consider a second spherical body, whose Schwarzschild mass is much smaller than the mass of the central
body (which is the covariant scale in the problem), which is rotating around the central body. The situation is very
similar to the Earth-Moon system, where the ratio of moon’s mass to that of Earth’s mass is ≈ 0.1. The spacetime
around and in between these bodies will then be perturbed Schwarzschild, and all the geometrical quantities that
vanished in the background will now be non-zero but their magnitude will be much smaller than the invariant scale.
The set of first order quantities are [29]
D1 = {Θ,Σ,Ω,H, ξ,Aa,Ωa,Σa, αa,
aa, Ea,Ha,Σab, Eab,Hab, ζab} . (26)
We can now write the first order equations for the system as follows. The time evolution equations for ξ and ζ{ab} are
ξ˙ =
(A− 12φ)Ω + 12εabδaαb + 12H , (27)
ζ˙{ab} =
(A− 12φ)Σab + δ{aαb} − εc{aH cb} . (28)
7The vorticity evolution equations are
Ω˙ = 12εabδ
aAb +Aξ , (29)
Ω˙a +
1
2εabAˆb = 12εab
(−Aab + δbA− 12φAb) . (30)
The shear evolution equations are
Σ˙− 23 Aˆ = 13 (2A− φ)A− 13δaAa − E (31)
Σ˙{ab} = δ{aAb} +Aζab − Eab , (32)
Σ˙a − 12 Aˆa = 12δaA+
(A− 14φ)Aa
+ 12Aaa − 32Σαa − Ea . (33)
Evolution equation for eˆa are:
αˆa − a˙a =
(
1
2φ−A
) (
Σa + εabΩ
b
)
− ( 12φ+A)αa − εabHb. (34)
Electric Weyl evolution is:
E˙ = ( 32Σ−Θ) E + εabδaHc (35)
E˙a + 12εabHˆb = 34εabδbH+ 12εbcδbHca − 34E(Σa + 2αa)
+ 34EεabΩb −
(
1
4φ+A
)
εabHb , (36)
E˙{ab} − εc{aHˆ cb} = −εc{aδcHb} − 32EΣab
+
(
1
2φ+ 2A
)
εc{aH cb} . (37)
Magnetic Weyl evolution is:
H˙ = −εabδaEb − 3ξE , (38)
H˙a − 12εabEˆb = − 32EεabAb + 34Eεabab − 12εbcδbEca
+
(
1
4φ+A
)
εabEb − 34εabδbE , (39)
H˙{ab} + εc{aEˆ cb} = + 32Eεc{aζ cb} −
(
1
2φ+ 2A
)
εc{aE cb}
+εc{aδcEb} . (40)
Sheet expansion evolution is given by:
φ˙ =
(
2
3Θ− Σ
) (A− 12φ)+ δaαa (41)
The Raychaudhuri equation is
Aˆ − Θ˙ = −δaAa − (A+ φ)A (42)
The propagation equations of ξ and ζ{ab} are:
ξˆ = −φξ + 12εabδaab , (43)
8ζˆ{ab} = −φζab + δ{aab} − Eab . (44)
The shear divergence is given by :
Σˆ− 23 Θˆ = − 32φΣ− δaΣa (45)
Σˆa − εabΩˆb = 12δaΣ + 23δaθ − εabδbΩ− 32φΣa − 32Σaa
+
(
1
2φ+ 2A
)
εabΩ
b − δbΣab , (46)
Σˆ{ab} = δ{aΣb} − εc{aδcΩb} − 12φΣab
+ 32Σζab − εc{aH cb} . (47)
The vorticity divergence equation is:
Ωˆ = −δaΩa + (A− φ) Ω . (48)
The Electric Weyl divergence is
Eˆ = −δaEa − 32φE , (49)
Eˆa = 12δaE − δbEab − 32Eaa − 32φEa . (50)
The Magnetic Weyl divergence is:
Hˆ = −δaHa − 32φH− 3EΩ , (51)
Hˆa = 12δaH− δbHab − 32EεabΣb + 32EΩa
+ 32ΣεabEb − 32φHa . (52)
The sheet expansion propagation is:
φˆ = − 12φ2 + δaaa − E . (53)
We also have the following constraints:
δaΩ
a + εabδ
aΣb = (2A− φ) Ω +H , (54)
1
2
δaφ− εabδbξ − δbζab = −Ea , (55)
δaΣ− 2
3
δaΘ + 2εabδ
bΩ + 2δbΣab = −φ
(
Σa − εabΩb
)
−2εabHb. (56)
V. MAKING THE SYSTEM GAUGE INVARIANT
The equations in the previous section have both zeroth order and first order terms. The rules for mapping the
zeroth order terms from background spacetime manifold to the perturbed spacetime manifold defines the gauge choice.
However quantities that vanish in the background spacetime are automatically gauge invariant by the Stewart and
Walker lemma [30, 31]. Therefore to make the system of equations gauge invariant we define three new variables that
vanish in the background [32, 33]:
DGI = {Wa = δaE , Ya = δaφ,Za = δaA} (57)
9The evolution and propagation equations for the new variables are
W˙a =
3
2
φ E (αa + Σa − εabΩb)+ 3
2
E
(
δaΣ− 2
3
δaΘ
)
+ εbcδaδ
bHc , (58)
Y˙a =
(
1
2
φ2 + E
)(
αa + Σa − εabΩb
)
+ δaδcα
c
+
(
1
2
φ−A
)(
δaΣ− 2
3
δaΘ
)
, (59)
Wˆa = − 2φWa − 3
2
E Ya + 3
2
φ E aa − δaδbEb , (60)
Yˆa = −Wa − 3
2
φYa +
(
1
2
φ2 + E
)
aa + δaδba
b, (61)
Zˆa = −
(
3
2
φ+ 2A
)
Za −AYa +A (φ+A) aa
+δaΘ˙− δaδbAb . (62)
These equations add no new information to what has already been given in the previous section, however they are
now gauge invariant. We can now replace (31) by (62), (35) by (58), (41) by (59), (49) by (60) and (53) by (61). This
will make the complete system of equations gauge invariant. The following additional constraints are obeyed by the
new variables:
εabδ
aW b = 3φ E ξ , (63)
εabδ
aY b =
(
φ2 + 2E) ξ , (64)
εabδ
aZb = 2A (φ+A) ξ . (65)
It is also useful to replace (42) with
δaΣ˙− 2
3
δaΘ˙ = −Wa −AYa − φZa − δaδbAb . (66)
Introducing these new variables eliminates the study of possible spherically symmetric perturbations (for they not
represented by these variables). However since by Birkhoff’s theorem, all the vacuum spherically symmetric static
spacetimes are Schwarzschild, we do not lose any true degrees of freedom by omitting them.
VI. REGGE WHEELER TENSOR AND WAVE EQUATION
As shown extensively in [32, 33], from the first order traceless tensors on the two sheets, we can construct a
dimensionless, covariant, gauge invariant, transverse tracefree tensor M{ab} in the following way:
Mab =
1
2
φ r2 ζab − 1
3
r2 E−1 δ{aWb} . (67)
Provided εbcδaδ
bHc 6= 0, in parallel to the way that (15) follows provided curlH 6= 0, this tensor obeys the wave
equation
M¨{ab} − ˆˆM{ab} −A Mˆ{ab} +
(
φ2 + E)Mab − δ2Mab = 0 . (68)
The tensor Mab is known as Regge Wheeler tensor and the wave equation (68) dictates both the odd and even parity
perturbations. It is interesting to note that the tensor Mab gives a measure of sheet deformation, via the electric part
of Weyl scalar and the deformation tensor related to the preferred spacelike direction. At this point we would like to
emphasize two key points:
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1. All information regarding tidal forces are encoded in gravitational waves. We know that the tidal
forces between the two bodies are a consequence of the electric part of the Weyl tensor (E in this case). Therefore
the evolution and propagation equations of the variable E should give the complete description of these forces.
However, we have already seen that the evolution and propagation equations of Wa ≡ δaE , carries the same
information. That is the reason why we could replace 35) by (58) and (49) by (60).
Therefore the tensor Mab carries all the information about tidal forces. Unlike Newtonian gravity, where the
effects of tidal forces are instantaneous, in GR these effects travel via the gravitational waves described by (68).
2. Manifestation of tidal forces requires non-zero curl of magnetic Weyl: One of the necessary conditions
for the existence of the wave equation (68), is that the magnetic part of Weyl tensor along with it’s curl must
be strictly non vanishing in the perturbed spacetime (although these quantities may be small i.e. of the first
order). Therefore for the transmission of the action of a zeroth order non negligible electric part of Weyl, we
must need, at least to the first order, the presence of the magnetic part. The existence of this non-zero curl of
H, and hence of non-zero H, can be explicitly seen from the equation (58). When we take a time derivative of
that equation and use the commutation relations of time and sheet derivatives for the term involving curlH,
we get a closed form wave equation (68). If curl H vanishes in the perturbed spacetime, we will not get a wave
equation for the Regge Wheeler tensor.
VII. NATURE OF WAVES THAT MEDIATES TIDAL FORCES
In the previous section we have already established that, in a two body system, the action of tidal forces travels
from one body to another via the gravitational wave equation (68). In other words, these tidal deformations are
gravitational waves. To investigate in more depth the nature of the gravitational waves mediating tidal effects, we
decompose the geometrical variables as an infinite sum of components relative to a basis of harmonic functions. This
will enable us to replace angular derivatives appearing in the equations by a harmonic coefficient. We follow [28]
where the harmonics were introduced in a covariant manner. Introduce the set of dimensionless spherical harmonic
functions Q = Q(`,m), with m = −`, · · · , `, defined in the background, as eigenfunctions of the spherical Laplacian
operator such that
δ2Q = − `(`+ 1)
r2
Q , (69)
where Q is covariantly constant, Qˆ = 0 = Q˙. As we are interested in the transmission of the effects of the scalar E ,
we expand the wave equation in terms of the scalar harmonics in the following way: We expand any first order scalar
Ψ in terms of the harmonic functions as
Ψ =
∞∑
`=0
m=∑`
m=−`
Ψ
(`,m)
S Q
(`,m) = ΨSQ, (70)
where the sum over ` and m is implicit in the last equality. We use the subscript S to remind us that Ψ is a scalar,
and that a spherical harmonic expansion has been made. Due to the spherical symmetry of the background, we can
drop m in the equations.
The replacements which must be made for scalars when expanding the equations in spherical harmonics are
Ψ = ΨSQ , (71)
δaΨ = r
−1ΨSQa , (72)
εabδ
bΨ = r−1ΨS Q¯a , (73)
where the sums over ` and m are implicit. We can expand 68 in scalar harmonics as
M¨ − ˆˆM −A Mˆ +
[
` (`+ 1)
r2
+ 3E
]
M = 0 , (74)
In appropriate coordinates the wave equation 74 is the usual Regge -Wheeler equation that appears in many GR
textbooks. As physically expected, the effects of tidal forces must be determined by the small values of the multipole
moment ‘`’. For example, in the Earth-Moon system, ` = 1 will account for the maximum effect of tidal forces. For
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more massive neutron star binaries, however, this value can go up to ` = 4or 5 to cover the complete tidal distortions
as specified by the Tidal Love Number (due to the other body) and the Rotational Love Number (due to the rotation
of each body) [34].
Apart from this, for any nearly spherical vacuum (which definitely fits for the vacuum region between the Earth
and the Moon, for example), we have the Almost Birkhoff theorem [27], which states that for an almost spherically
symmetric vacuum spacetime there always exists a vector in the local [u, e] plane which almost solves the Killing
equations. If this vector is timelike then the spacetime is locally almost static, and if the Killing vector is spacelike
the spacetime is locally almost spatially homogeneous.
As a direct consequence of this, when the time derivative all the background quantities are zero, we can easily
see that the time derivatives of the first order quantities at a given point is of the same order of smallness as
themselves. Hence the first order quantities still remain “small” as the time evolves. Therefore the time variation of
the gravitational waves will be slow as set by the time scale of the rotation of the binary system around each other.
This definitively indicates the following:
Proposition 1. The tidal forces experienced by the bodies in a binary system are very slow time varying (given by
the time scale of rotation) gravitational waves of small multipole moments, with a large electric part of Weyl and a
small magnetic part of Weyl, but both with non vanishing curl: thus
|curlE||curlH| 6= 0. (75)
VIII. TIDAL FORCE PROOF THAT vgrav = c
So the answer to the question at the beginning of the paper is that it takes tidal forces around 1.3 seconds to reach
the Earth from the Moon, because they travel at the speed of light. Can we detect this? Yes we can. The point is
that this is precisely the same as the time it takes the light that forms our image of the Moon to arrive. Hence we
should see the centre of the Moon to be precisely aligned with the direction of the tidal force, both having taken the
same time to reach the Earth. This is a null result: any deviation represents a difference in propagation speeds of
light and the gravitational force.
Tidal Force Test of vgrav = c as predicted by General Relativity The direction of tidal attraction
on Earth should be perfectly aligned to the observed position of the Moon in the sky (neglecting the much
smaller solar tide effect).
This will then be a definite proof that the effect of tidal forces travels at the speed of light. As the light from the
moon takes 1.3 seconds to reach Earth, if the effect of the tides was instantaneous as predicted in Newtonian gravity,
there would be an angular lag of 0.66 seconds of arc between the position of the Moon and the tidal force (since the
position of the Moon we see at a given instant is where it was 1.3 seconds before). Therefore no lag will definitely
imply that the information of tidal forces travels with the speed of light. In contrast, if the true theory of gravity
involved a massive graviton traveling at less than the speed of light, there would be a lead in the effect instead of a
lag.
A. Detecting the tidal force
One could either try this via the Earth itself, or via a test body in a laboratory, or by laser ranging of near Earth
satellites.
a. Earth’s tidal deformation To measure the Earth’s tidal deformation with required accuracy is non-trivial
and requires highly sensitive laser extensometers, water tube tiltmeters, ocean bottom and land spring gravimeters
and SG (superconducting gravimeters) [35, 36] . Also satellite based Synthetic aperture radar (SAR) interferometry
experiments are in progress to accurately measure the Earth’s Crust Deformation [37]. However there is a further
problem: one would then have to do a complex simulation of the effect of the Moon’s tidal force on the Earth with
its complex interior structure, oceans of varying depths, and continental structures. This may well mean that this
method is impractical in practice. Using the Earth’s tidal deformation involves a complex inhomogeneous body that
is far from ideal.
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b. Laboratory Detection A second option might be a laboratory detection of the tidal force. This could for
example use a metallic sphere or shell of say 2 meter diameter with either passive or active detection of the tidal force
quadrupole, and hence its major axis. Passive detection would use either strain gauges, as proposed by Weber long
ago, or laser interferometry, perhaps in the interior of a shell. Active detection would use activators on the surface
of the sphere that would keep it perfectly spherical as measured by laser interferometry, the magnitude of the force
needed measuring the quadrupole and hence detecting its direction.
We know that the tidal acceleration is given by:
~at,axial ≈ ±rˆ 2∆r G M
R3
(76)
Now if we consider a ball of radius 0.5m then ∆r = 1m and the tidal acceleration due to earth’s gravity will be of the
order of 6× 10−6m/s2 (i.e in the order of a micrometer per second2) and the tidal acceleration due to the Moon will
be of the order of 1.8 × 10−13m/s2 which is even less than a picometer per second2. Regrettably this does not look
feasible.
c. Laser Ranging of near Earth Satellites This seems to be the most viable option. Satellites can be tracked
with great accuracy, and indeed that is happening all the time, specifically with the GPS network. Amongst the
forces perturbing these orbits will be the Moon’s gravitational field, but also of course anisotropies in the Earth’s
gravitational field and tidal forces due to the Sun. However the periodicity of the Moon’s tidal force should make
it easy to identify. We suspect that this might give the required accuracy and enable the test to be carried out in
practice.
B. Detecting the position of the Moon
To detect the alignment of the position vector of the moon (with respect to the centre of the earth) and direction of
tidal deformation of the earth, one can use the data from Lunar Laser Ranging (LLR) experiment, that can measure
the distance to the moon with millimetre precision [38].
C. Verifying gravitational force propagation speed
If one could achieve the required accuracy of measurement that can measure an angle of the order of an arcsecond
between these vectors, we would be able to experimentally confirm that indeed the position of the moon and earths
lunar tidal deformations are exactly aligned. This would then confirm that tidal effects travel with the speed of light,
riding on a near field gravitational wave, as predicted by General Relativity. This would then imply that gravitational
radiation should also travel at the speed of light.
We concede that the practicality of doing this to the required precision is problematic. Nevertheless it may be
useful to set it as an interesting challenge to our observational colleagues.
IX. CONCLUSION
In hindsight, it is not surprising that a non-zero magnetic Weyl tensor is associated with tidal forces, for we know
that any binary system emits gravitational waves, detectable at “infinity” (i.e. at large distance from the system [39]
[40]), that carry away mass and energy from the system [6]. We would like to emphasize here again, that in this
investigation we only deal with tidal forces that are associated with gravitationally governed orbital motion of two
massive bodies, where we know gravitational radiation occurs when seen from outside. Hence even though a static
spherical body per se has no magnetic Weyl tensor component (its Weyl tensor is type D), it generates non-zero H
and curlH when in orbit about another such body.
Thus it should not be surprising that the same is true within the system, and the tensor Eab, traveling at the speed
of light because of the wave equation (15), exerts influences between the two bodies which they experience as tidal
forces. Our argument then is that even though rapid speeds of bodies and large distances are not involved, this should
be regarded as a form of low frequency gravitational waves, in which the electric part of the Weyl tensor dominates
the magnetic part; but it is crucial for the story as a whole that the latter is non-zero. Our criterion for existence of
a gravitational wave (via a closed form wave equation) is (75), that is
|curlE||curlH| 6= 0 (77)
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because that is the criterion for existence of a wave equation (15) for E, and so determines that it is in fact
propagating at the speed of light (if (16) and (77) are not true, such an equation does not follow from the E˙, H˙
equations.)
The next obvious question would be, how small is small? or what should be the relative magnitude of the magnetic
and the electric Weyl? If we approximate the Earth Moon system by a Kerr spacetime (we emphasize here, that this
a only an approximation as the system is definitely not Kerr), then up to the first order in the rotation parameter a
of Kerr metric, we have
H
E ≈
a
r
(78)
The equation above gives a measure of the smallness of the magnetic Weyl with respect to the electric Weyl.
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Appendix A: Semitetrad 1+3 formalism
In the 1+3 formalism [19], the timelike unit vector ua (uaua = −1) is used to split the spacetime locally in the
form R⊗ V, where R is the timeline along ua and V is the 3-space perpendicular to ua. Thus the metric becomes
gab = −uaub + hab, (A1)
where hab is the metric on 3-space perpendicular to u
a. The covariant time derivative along the observers’ worldlines,
denoted by ‘ · ’, is defined using the vector ua, as
Z˙a...bc...d = u
e∇eZa...bc...d, (A2)
for any tensor Za...bc...d. The fully orthogonally projected covariant spatial derivative, denoted by ‘D ’, is defined
using the spatial projection tensor hab, as
DeZ
a...b
c...d = h
r
eh
p
c ...h
q
dh
a
f ...h
b
g∇rZf...gp...q, (A3)
with total projection on all the free indices. The covariant derivative of the 4-velocity vector ua is decomposed
irreducibly as follows
∇aub = −uaAb + 1
3
habΘ + σab + εabcω
c, (A4)
where Ab is the acceleration, Θ is the expansion of ua, σab is the shear tensor, ω
a is the vorticity vector representing
rotation and εabc is effective volume element in the rest space of the comoving observer. Furthermore the energy
momentum tensor of matter, decomposed relative to ua, is given by
Tab = µuaub + phab + qaub + ua qb + piab, (A5)
where µ is the effective energy density, p is the isotropic pressure, qa is the 3-vector defining the heat flux and piab is
the anisotropic stress. We write down the definitions of important components including the kinematical, Weyl and
matter quantities in the 1+3 formalism. Angle brackets denote orthogonal projections of vectors onto the three space
as well as the projected, symmetric and trace-free part of tensors.
v<a> = h
b
a V˙b, (A6)
Z<ab> =
(
hc(ah
d
b) − 1
3
habh
cd
)
Zcd. (A7)
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εabc =
√
|det g|δ0[a δ1b δ2c δ3d]ud, (A8)
εabc ε
def = 3!hd[a h
e
bh
f
c], (A9)
εabc ε
dec = 2hd[ah
e
b], (A10)
Ab = u˙b, (A11)
Θ = Dau
a, (A12)
σab =
(
hc(ah
d
b) − 1
3
habh
cd
)
Dcud, (A13)
ωa = εabcDbuc, (A14)
Eab = Cabcdu
cud = E<ab>, (A15)
Hab =
1
2
εadeC
de
bcu
c = H<ab>, (A16)
µ = Tabu
aub, (A17)
p =
1
3
habT
ab, (A18)
qa = q<a> = −hcaTcdud, (A19)
piab =
(
hc(ah
d
b) − 1
3
habh
cd
)
Tcd. (A20)
Appendix B: Semitetrad 1+1+2 formalism
In the 1+1+2 formalism [28], the 3-space V is now further split by introducing the unit vector ea orthogonal to ua
(ea ea = 1, u
a ea = 0). The 1+1+2 covariantly decomposed spacetime is given by
gab = −uaub + ea eb +Nab, (B1)
where Nab (e
aNab = 0 = u
aNab, N
a
a = 2) projects vectors onto 2-spaces called ‘sheets’ , orthogonal to u
a and ea. We
introduce two new derivatives for any tensor φa...b
c...d:
φˆa...b
c...d ≡ efDf φa...bc...d, (B2)
δfφa...b
c...d ≡ Nf jNal...NbgNhc...NidDjφl...gh...i. (B3)
The 1+3 kinematical quantities and anisotropic fluid variables are split irreducibly as
Aa = Aea +Aa, (B4)
ωa = Ωea + Ωa, (B5)
σab = Σ
(
ea eb − 1
2
Nab
)
+ 2Σ(a eb) + Σab, (B6)
qa = Qea +Qa, (B7)
piab = Π
(
ea eb − 1
2
Nab
)
+ 2Π(a eb) + Πab. (B8)
The fully projected 3-derivative of ea is given by
Da eb = eaab +
1
2
φNab + ξ εab + ζab, (B9)
where traveling along ea, aa is the sheet acceleration, φ is the sheet expansion, ξ is the vorticity of e
a (the twisting of
the sheet) and ζab is the shear of e
a (the distortion of the sheet).
Any 3-vector Φa can be irreducibly split into χ, a scalar component along ea, and a 2-vector χa, which is a sheet
component orthogonal to ea, as follows
Φa = χea + χa (B10)
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where χ ≡ Φa ea and χa ≡ NabΦb ≡ Φa¯. Similarly we can split a projected, symmetric, trace-free tensor Φab into
scalar, 2-vector and 2-tensor parts as follows
Φab = Φ<ab> = χ
(
ea eb − 1
2
Nab
)
+ 2χ(a eb) + χab, (B11)
where
χ ≡ ea ebΦab = −NabΦab,
χa ≡ Nab ecΦbc,
χab ≡ χ{ab} =
(
N(a
cNb)
d − 1
2
NabN
cd
)
Φcd. (B12)
The curly brackets denote the part of the tensor that is projected, symmetric and trace-free on the sheet. We write
down the definitions of important components in the 1+1+2 formalism.
εab ≡ εabc ec =
√
|det g|δ0[aδ1bδ2cδ3d]ecud, (B13)
Eab = E
(
ea eb − 1
2
Nab
)
+ 2E(a eb) + Eab, (B14)
Hab = H
(
ea eb − 1
2
Nab
)
+ 2H(a eb) +Hab (B15)
σ2 =
1
2
σabσ
ab =
3
4
Σ2 + ΣaΣ
a +
1
2
ΣabΣ
ab, (B16)
aa ≡ ecDc ea = eˆa, (B17)
αa ≡ N ca e˙c, (B18)
φ ≡ δa ea, (B19)
ξ ≡ 1
2
εab δa eb, (B20)
ζab ≡ δ{a eb}. (B21)
The 1+1+2 split of the full covariant derivatives of ua and ea are as follows
∇aub = −ua (Aeb +Ab) + ea eb
(
1
3
Θ + Σ
)
+ea (Σb + εbcΩ
c) + (Σa − εacΩc) eb
+Nab
(
1
3
Θ− 1
2
Σ
)
+ Ωεab + Σab, (B22)
∇a eb = −Auaub − uaαb +
(
1
3
Θ + Σ
)
eaub
+ (Σa − εacΩc)ub + eaab
+
1
2
φNab + ξ εab + ζab. (B23)
We can now immediately see that the Ricci identities and the doubly contracted Bianchi identities, that specifies
the evolution of the complete system, can now be written as the time evolution and spatial propagation and spatial
constraints of a irreducible set of geometrical and thermodynamic variables.
The irreducible set of geometric variables
Dgeom = {Θ, A, Ω, Σ, E , H, φ, ξ, Aa, Ωa, Σa, (B24)
αa, aa, Ea, Ha, Σab, ζab, Eab, Hab}
together with the irreducible set of thermodynamic variables
Dtherm = {µ, p, Q, Π, Qa, Πa, Πab} , (B25)
make up the key variables in the 1+1+2 formalism.
